The chapter is organized as follows. Section 2 provides a brief overview of the electronic band structure of graphene, which is responsible for most of its unique properties. Section 3 introduces the surface conductivity model of graphene in the presence of a static magnetic field and gives a physical interpretation of the conductivity expressions. Section 4 constitutes the core of the chapter providing a theoretical analysis of Faraday rotation in graphene. In Section 5 two applications based on the gyrotropic properties of graphene, namely a circular waveguide Faraday rotator and a spatial isolator, are proposed. Section 6 describes a practical implementation of such devices through the multiscale metamaterials concept. Finally, Section 7 summarizes the chapter.
Electronic band structure of graphene
The unique properties of graphene originate from its electronic band structure. Using a tight-binding approximation and considering only the nearest-neighbor terms, the energy-wavevector dispersion relation of electrons in graphene is found as (Neto et al., 2009) 
where t = 2.8 eV is the nearest-neighbor hopping energy, a = 1.42 Å is the interatomic distance, k x and k y are the x and y wavevector components, respectively, and the plus and minus signs refer to the upper (conduction) and the lower (valence) bands, respectively. Figs 1(a) and 1(b) plot E versus k x and k y in the entire Brillouin zone and around the K symmetry point, respectively. The K and K ′ points are very important, since the energy at these points, which is 0, is the chemical potential 1 of intrinsic graphene. A zero chemical potential means a completely full valence band and a completely empty conduction band, hence minimal conductivity.
The first thing one can observe from Fig. 1 is the absence of an energy gap between the valence and the conduction bands. Because of this, graphene is usually referred to as a semi-metal 2 or a zero-gap semiconductor 3 . The zero gap allows changing the type of conduction charge carriers from electrons to holes and vice versa by shifting the chemical potential from positive (conduction band) to negative (valence band) values, a phenomenon known as ambipolarity.
The chemical potential can be easily tuned by an electrostatic voltage between graphene and an electrode parallel to it, as it is shown in Fig. 2 . Assuming that the surface carrier density of graphene is n s , the electric dispacement on both sizes of graphene is oriented perpendicularly to graphene, along the z axis, and it has a value D z =( n s e/2)sgn (z) . The electric field in the substrate is then E z = D z /(ε r ε 0 )=−n s e/(2ε r ε 0 ). Integrating E z from graphene (z = 0) to the PEC (z = −d) plane, the apllied voltage is found as Therefore, n s , and subsequently μ c , can be controlled via V g (varying V g either provides electrons to graphene or depletes graphene from electrons). This way of controlling the carrier density is ofter called electrical doping, in contrast to chemical doping, where the carrier density is controlled by the density of impurity atoms introduced into the graphene lattice.
PEC z = 0 ε r d V g
x y z Fig. 2 . Structure for controlling the chemical potential of graphene. A conducting electrode is placed at the bottom of graphene, forming with graphene a parallel plate-capacitor. An electrostatic voltage is applied between graphene and the electrode.
As already mentioned, the K and K ′ points are of significant importance in graphene. Using a Taylor expansion around these points in Equation 1 and keeping only the first order term, the energy-wavevector dispersion relation takes the form
where q = k − k K,K ′ and v F = 3ta/(2h) ≈ 10 6 m / si st h eF e r m iv e l o c i t y . E q u a t i o n3i s similar to the dispersion relation E =hck of photons in vacuum and indicates that electrons in graphene behave like zero-mass particles (Dirac fermions) with an energy-independent velocity. As a result electrons in graphene exhibit quantum phenomena, such as the Another important consequence of the graphene band structure, and more specifically of the double valley degeneracy associated with the K and K' point, is the extremely low phonon scattering of electrons. This induces an upper limit of 200, 000 cm 2 /Vs in the graphene mobility at room temperature and more than 1, 000, 000 cm 2 /Vs at low temperature! However, the practical mobility is much lower (it can be so low as 1, 000 cm 2 /Vs), due to various defects in the graphene lattice, such as impurities and wrinkles, and due to scattering from the substrate. Except for phonon scattering, which is related to the nature of the material and therefore imposes an upper bound on mobility, the scattering factors mainly depend on the production process. Therefore, improved production processes are expected to significantly increase the mobility to much higher values.
Biasing graphene with a static magnetic field B 0 perpendicular to its plane results in quantization of the band diagram, as illustrated in Fig. 3 . This phenomenon is called Landau quantization and it exists in all semiconductors. However, contrary to semiconductors with a parabolic band dispersion, the energy levels (Landau levels) in graphene are non-uniformly spaced, as a result of the linear dispersion close to the K and K ′ points. Furthermore, the 0th order Landau level has a zero energy, irrespectively of the applied magnetic field, which is the reason for the observation of the quantum Hall effect in graphene even at room temperature. The energy of the nth Landau level in graphene is Fig. 3 . Energy-wavenumber dispersion diagram in graphene, biased with a static magnetic field perpendicular to its plane. The dispersion diagram is quantized in the discrete energy levels E 0 , E ±1 ,.... Before closing this introductory section, let us provide the relation between the carrier density and the chemical potential, since the latter enters in all the conductivity expression that will be given in the next section. It is known from solid state physics that electrons are distributed in the energy levels of any material according to the Fermi-Dirac distribution ( 5 ) which represents the probability of finding an electron at the energy level E. In Equation 5 μ c is the chemical potential, k B is the Boltzmann constant and T the temperature in K. Fig.4plots f d (E) for μ c > 0, that is a partially filled conduction band. The electron and hole densities are then
is the density of states. The density of states is the same for electrons and holes in graphene, due to the band-structure symmetry around the E = 0 plane. The effective total carrier density is then n s = n se − n sh . Note that in intrinsic graphene n se = n sh and, therefore, n s = 0. Inserting Equation 5 into Equations 6 and then taking their difference yields
where Li 2 is the polylogarithm function of second order (Abramowitz & Stegun, 1964) . Inserting this relation into (2) provides the relation indicateing the required biasing voltage for a desired chemical potential. If μ c ≫ k B T, that is for highly doped graphene, Equation 8 takes the asymptotic form
Conductivity of magnetically biased graphene
The essentially 2D structure of graphene makes surface conductivity the most natural appropriate quantity to model its electrical properties. When graphene is biased with a static magnetic field B 0 perpendicular to its plane, conductivity takes a tensorial form, which may be deduced by considering the motion of an electron under an electric field E in the graphene plane, as illustrated in Fig. 5 . For simplicity, the electron is considered to be initially at rest. Let us first examine the case E = E xx . The electric field exerts a force F e = −ex on the electron, which accelerates it in the −x direction. As long as the electron acquires a non-zero velocity, a magnetic force F m = −ev × B 0 along the −y direction is exerted on it and deflects it towards the −y direction. The motion of the electron is, therefore, a combination of two simpler motions, one along the −x axis and one along the −y axis, and the electric current has two components, one along the +x direction and one along the +y direction 4 .F o rs m a l l 1 0.5 0 Fig. 4 . Fermi-Dirac distribution for μ c > 0. The red area corresponds to free electrons and the blue to free holes (electrons and holes that can conduct). E, when nonlinear effects are negligible, the current can thus be related to the electric field through
The proportionality coefficients σ xx and σ xy correspond to the longitudinal (parallel to E) and transverse (perpendicular to E) conductivities, respectively, which depend on the band structure of the material, the frequency of E and B 0 . Following a similar analysis for E = E yŷ , which is the case depicted in Fig. 5(b) , and assuming that graphene exhibits the same properties in all its directions, we derive
Equations 10 and 11 can be combined into the single equation 
is the conductivity tensor of graphene and
Closed-form expressions for σ xx and σ yx have been obtained in (Gusynin et al., 2009 ) through a quantum mechanical analysis which involves the Kubo formula (Kubo, 1957) . Assuming an energy independent scattering mechanism, which is equivalent to considering an average scattering rate Γ, σ xx and σ yx are given by
A physical explanation of Equation 15 may be provided with the help of Fig. 6 . Each of the summation terms in Equation 15 corresponds to an electron transition between two Landau levels. Two types of transitions exist: intraband, between levels in the same band, and interband between levels of different bands. From all the possible intraband transitions, the only ones allowed by the selection rules are these from level n to n + 1 in the conduction band and from level −n − 1to−n in the valence band. Similarly, the only allowed interband transitions are from level −n to n + 1andfrom−n − 1ton. The photon energy needed for a transition between the levels E initial and E final is E final − E initial . A photon with this energy corresponds to an electromagnetic wave of frequency (E final − E initial )/h. The probability of such a transition is proportional to the difference between the probability f d (E initial ) of the initial level being full and the probability f d (E final ) of the final level being empty. The transitions with the highest probabilities are those crossing μ c , across which the largest difference in f d (E) exists, emphasized by thicker arrows in Fig. 6 . Therefore, assuming a finite temperature and that μ c lies between the levels E N and E N+1 , the interband transitions with the lowest energy are the ones that involve the −N and N + 1 levels or the −N − 1andN levels. As a result, interband transitions occur essentially at frequencieshω inter ≥ E N + E N+1 .
Assume now that μ c ≫ L. For the magnetic field value of 1 T, used in the chapter, L = 0.036 eV, and the condition 
Electron transitions in graphene when illuminated by an electromagnetic wave of frequency ω. The red arrows represent the allowed intraband (right-hand side) and interband (left-hand side) electron transitions between the energy levels. A photon can be absorbed by graphene if its energyhω coincides with the energy of any of the allowed electron transitions. The probability of an electron transition depends on the probability of the initial level to be full and the probability of the final level to be empty. The probability of a level with energy E to be full is given by the Fermi-Dirac distribution f d (E) (orange curve on the right).
intraband terms in Equation 15. Under the condition N ≫ 1, the Landau levels around μ c , which produce non-negligible intraband transitions, lie very close to each other. It can be shown (Kubo, 1957) that in this case σ xx and σ yx follow the Drude model form
where
is the DC conductivity of graphene, τ = 1/(2Γ) is the scattering time and ω c is the cyclotron frequency. The latter corresponds to the difference between the levels E N and E N+1 ,
For the B 0 values used in the chapter, μ c ≫ L also implies μ c ≫ k B T (k B T = 0.026 eV at 300 K), and Equation 17 subsequently simplifies to σ 0 = n s eμ,w h e r en s = μ 2 c /πh 2 v 2 F is the carrier density and μ = eτv 2 F /μ c the mobility. Figure 7 plots σ xx and σ yx versus frequency using both Equation 15 and 16, for B 0 = 1T ,μ = 5000 cm 2 /Vs, n s = 10 13 cm −2 and T = 300 K, corresponding to values widely used throughout the chapter. Excellent agreement between the two models is observed in the frequency range shown. Fig. 7 . Graphene conductivity versus frequency computed from the exact expressions 15 (circles) and from the approximate expressions 16 (lines), for μ = 5000 cm 2 /Vs, n s = 10 13 cm −2 , B 0 = 1TandT = 300 K.
Faraday rotation in graphene
When a plasma, such as a semiconductor, is biased with a static magnetic field it exhibits Faraday rotation at frequencies above the cyclotron frequency. The reason why Faraday rotation is only observed above the cyclotron resonance is that below the resonance the plasma is impenetrable. Graphene, being a semiconductor, is also expected to exhibit Faraday rotation (Crassee et al., 2011; Sounas & Caloz, 2011b) . However, contrary to semiconductors, Faraday rotation in graphene exists also below the cyclotron resonance, as a result of its super-thin, semi-transparent nature. This section theoretically analyzes Faraday rotation in graphene. The results will be used in the next section where possible applications of this phenomenon will be suggested.
Consider a graphene sheet coinciding with the z = 0 plane in free space and biased with a static magnetic field B 0 = B 0ẑ and a plane wave impinging normally on the sheet from medium 1 towards medium 2, as illustrated in Fig. 8 . The electric field of the incident, reflected and transmitted waves then read
In order to find E ref 0 and E tran 0 , we will use the boundary conditionŝ 
where η 0 is the free-space wave impedance. Inserting Equation 19 into 20a yields
Similarly, inserting Equation 21 into 20b, one gets
Solving Equations 22 and 20b simultaneously with respect to E tran
Therefore, the transmission dyadic for incidence from medium 1 towards medium 2 is
where the dyadic identity (Lindell, 1996) 
has been used. Through a similar analysis, it can be shown that the transmission dyadic for incidence from medium 2 towards medium 1 is
a condition which, as it will be shown later, indicates non-reciprocity.
Consider now the specific case of a left-handed (LH) circularly polarized incident wave with respect to the z-axis E inc LH,0 =x + jŷ. The transmitted wave is then, according to Equation 25,
where σ LH = σ xx − jσ yx . Therefore, in the case of a LH circularly polarized wave the transmission coefficient simplifies to Similarly, the transmission coefficient for a right-handed (RH) circularly polarized wave is
where σ RH = σ xx + jσ yx . Equations 29 and 30 reveal that T LH = T RH , a phenomenon known as circular birefringence, with Faraday rotation being one of its most important consequences. Fig. 9 plots the amplitude and phase of T LH and T RH versus frequency for a graphene sheet with τ = 1.84 × 10 −13 s, μ c = 0.37 eV and B 0 = 1 T. Two things can be observed: a) the amplitudes of T LH and T RH are almost the same far from the cyclotron resonance and b) there is a huge phase difference between T LH and T RH below the cyclotron resonance. These two facts result in a large Faraday rotation below the cyclotron resonance. To prove this statement, consider an x-polarized incident wave E inc 0 =x. Such a wave can be decomposed into a RH circularly polarized wave and a LH circularly polarized wave as
The transmitted wave is then
If |T LH |≈|T RH |, as in the case far below and above from the cyclotron resonance, Equation 32 becomes
Since ∆ϕ > 0 (Fig. 9 ) the field has been rotated by an angle 
Thus, for ω ≪ ω c , the rotation angle is |T RH | Fig. 9 . Transmission coefficient for normal incidence of a LH and a RH circularly polarized wave on a graphene sheet in free space with τ = 1.84 × 10 −13 s, μ c = 0.37 eV and B 0 = 1T . Fig. 10 presents θ and the transmission amplitude (|T LH |≈| T RH |)v e r s u sμ c and B 0 for a graphene sheet with τ = 1.84 × 10 −13 sat30GHzandT = 300 K. The rotation angle clearly depends on both μ c and B 0 , providing two degrees of freedom in controlling it. Regarding the μ c dependence, θ → 0asμ c → 0. This is expected from the fact that for μ c = 0therearevery few electrons in the conduction band, hence the conductivity is very small and the interaction between the electromagnetic waves and the material is negligible. As μ c increases, θ also increases up to a specific μ c value, which depends on B 0 .A sμ c further increases, θ decreases and tends to 0 for very large μ c , because the conductivity becomes very large and the material behaves like a perfect electric conductor. Concerning the B 0 dependence, Fig. 10 indicates that θ increases along a line of constant transmission amplitude. For μ c fixed, θ increases linearly with B 0 when ω c τ ≪ 1, it becomes maximum when ω c τ ≈ 1 and it decreases inversely proportionally with B 0 when ω c τ ≫ 1.
In addition to controlling the amount of rotation, we can also control its direction via μ c , exploiting the ambipolar properties of graphene. Specifically, by inverting μ c from positive to negative values, the type of charge carriers changes from electrons to holes. Holes have an opposite charge than electrons and, therefore, provide an opposite transverse current than electrons, hence an opposite rotation direction, as illustrated in Fig. 11 . This property is of significant practical importance, since it allows the control of the rotation direction via an electrostatic potential applied to graphene, as shown in Fig. 2 , while keeping the magnetic field constant. Note that the static magnetic field is usually provided by permanent magnets and therefore it is extremely difficult to invert. Although neglected until now, the fact that σ xx and σ yx are not purely real or purely imaginary numbers results in the transmitted wave being elliptically instead of linearly polarized. Fig. 12 plots θ and the axial ratio of the transmitted wave versus frequency for τ = 1.84 × 10 −13 s, μ c = 0.37 eV, B 0 = 1Ta n dT = 300 K. For ω ≪ ω c ,w h e nσ xx and σ yx are almost purely real, the axial ratio is very high, indicating a linearly polarized wave. As frequency increases, the axial ratio decreases and it becomes minimum close to the cyclotron resonance, where (2005), versus frequency for a normally incident plane wave on a graphene sheet in free space, for the parameters τ = 1.84 × 10 −13 s, μ c = 0.37 eV, B 0 = 1T , and T = 300 K.
there is a strong interaction between the material and the circular polarization of the same handedness as the cyclotron motion of electrons. For a further increase of frequency this "resonance" between the circularly polarized waves and the electrons diminishes gradually and the axial ratio increases. Fig. 12 also shows that Faraday rotation in graphene is an extremely broadband phenomenon below the resonance (in the case of Fig. 12 from 0 to 200 GHz), as a result of the non-dispersive characteristics of conductivity below the resonance (Fig. 7) . It has to be stressed that this frequency-independent behavior is different from the corresponding found in ferrites above the ferromagnetic resonance (Lax & Button, 1962) , since the former is due to the non-dispersive characteristics of the material while the latter is due to the increase of the electrical length with frequency.
The direction of Faraday rotation in graphene, as in any magneto-optical material, does not depend on the propagation direction but on the direction of the applied static magnetic field. This can be directly seen fromT 21 =T 12 (Equation 27), which states that for an incident wave of a given polarization the polarization of the transmitted wave is always the same, irrespectively of the propagation direction. Thus, graphene is a non-reciprocal material. In order to demonstrate this statement, consider a plane wave impinging on graphene from medium 1 to medium 2 and then reflected back to medium 1 without changing its polarization (e.g. reflection by a PMC wall after graphene), as illustrated in Fig. 13 . As the wave passes through graphene from medium 1 towards medium 2, its polarization is rotated by an angle θ in the LH direction with respect to the +z direction (the biasing magnetic field direction).
As the wave then passes again through graphene from medium 2 back to medium 1, its polarization is again rotated by an angle θ in the LH direction with respect to the +z axis. Therefore, the polarization of the wave transmitted from medium 1 to medium 2 and then back from medium 2 to medium 1 has undergone an overall rotation of 2θ,w h i c hi sa manifestation of non-reciprocity. Fig. 13 . Non-reciprocity in graphene. A wave normally impinging on graphene from medium 1 to medium 2 and transmitted back to medium 1 undergoes a total rotation angle of 2θ,whereθ is the rotation angle for a single pass through graphene.
Applications
In this section, two applications of the Faraday rotation effect in graphene will be presented, namely a circular waveguide polarization rotator and a non-reciprocal spatial isolator.
Although such devices can be realized with conventional gyrotropic media, such as ferrites, graphene offers increased tunability and electric rotation reversal, and possibly other benefits (such as high heat sink) still to be investigated. The purpose of the section is to show the feasibility of using graphene in such types of devices and not to provide an optimized design. Therefore, the dimensions of the proposed devices are comparable to their ferrite counterparts. However, we believe that by a proper design, e.g. by using a stacked structure composed of alternating graphene sheets and dielectric layers, highly compact devices, with dimensions much smaller than the dimensions of the ferrite devices, can be achieved.
Circular waveguide faraday rotator
The proposed circular waveguide Faraday rotator consists of a graphene sheet loading the cross section of a circular waveguide, as shown in Fig. 14. The graphene sheet is perpendicular to the waveguide axis and biased with an axial static magnetic field B 0 .T h ew a v e g u i d eh a sa radius a and it is excited in its dominant H 11 (TE 11 ) mode. The incident mode is assumed to be polarized along the x axis and propagates along the +z direction.
The transverse electric field of the mode is
where ∇ t is the transverse (on the ρ − ϕ plane) del operator and ψ 11 (ρ, ϕ)=J 1 (k h c,11 ρ) cos ϕ, with k h c,11 = x ′ 11 /a and x ′ 11 the first root of J ′ 1 (x).U s i n gc o sϕ =( e jϕ + e −jϕ )/2, the incident mode can be analyzed into two degenerate orthogonal modes, a LH circularly polarized mode
and a RH circularly polarized one H + both with amplitude equal to 1/2. In Equation 38 ψ ± 11 = J 1 (k h c,11 ρ)e ∓jϕ . Since any pair of modes with e −jϕ and e jϕ azimuthal dependencies are orthogonal to each other and because of the phase matching condition in the graphene plane, any of these modes creates reflected and transmitted modes with the same azimuthal dependence. Therefore, the H − 11 mode will excite the H − 1n and E − 1n modes, while the H + 11 mode will excite the H + 1n ans E + 1n modes. Next, we focus on the H − 11 mode. The analysis for the H + 11 is completely similar. The transverse reflected and transmitted fields in the graphene plane (z = 0plane)read
respectively. For the computation of the coefficients R h− 1n , R e− 1n , T h− 1n and T e− 1n ,t h eb o u n d a r y conditionsẑ
should be used. The reflected and transmitted magnetic fields in the graphene plane are given by
where Z h 1n = η 0 (k 0 /β h 1n ) and Z e 1n = η 0 (β e 1n /k 0 ) are the wave impedances of the H 1n and E 1n modes, respectively, and β h 1n and β e 1n are the corresponding propagation numbers.
Inserting Equations 39 into 40a and using the orthogonality conditions (Collin, 1990 )
with S the waveguide cross section, one obtains
Similarly, introducing Equation 41 into 40b yields
In the derivation of Equation 45 the identityJ t · v =ẑ × v, which holds for any vector v,has been used. Omitting the proof, which can be found in (Sounas & Caloz, 2011d) , we directly give the final expressions of the J coefficients of Equations 46
where x 1n and x ′ 1n are the nth roots of J 1 (x) and J ′ 1 (x), respectively. Solving Equations 44 with respect to R h/e− 1n and introducing the result into Equations 45 we get If the operation frequency is between the cutoff frequencies of the dominant mode and the first higher order mode, only the dominant mode exists far away from the graphene discontinuity, since all the higher order modes are evanescent. Then, similar to the case of plane wave incidence on graphene in free space, the rotation angle of the transmitted mode is
where here ϕ ± = arg{T h± 11 }. An approximate closed-form expression for θ can be obtained by considering only the dominant mode terms in Equations 48. The solution of Equations 48 reads then
with α = 2/[(x ′ 11 ) 2 − 1]. Subsequently, the rotation angle is found as
The frequency dependence of the rotation angle and the transmission amplitude, computed exactly via Equation 49 and approximately via Equation 51, are presented in Fig. 15 for a waveguide with a = 8 cm and a graphene sheet with τ = 1.84 × 10 −13 s, μ c = 0.3 eV and B 0 = 1 T. The rotation angle and the transmission amplitude for normal incidence on graphene in free space, computed through Equation 36, are also plotted for comparison. Very good agreement between the exact (Equation 49) and the approximate (Equation 51) formulas is observed. Fig. 15 shows that θ decreases as frequency increases. This may be understood from the frequency behavior of Z h 11 , which tends to ∞ at the cutoff of the H 11 mode and increases towards η 0 as frequency increases. At the H 11 mode cutoff frequency, θ takes its maximum value
However, the transmission amplitude close to cutoff is very small. On the other hand, one would expect that at ω → ∞, when the H 11 mode propagates almost parallel to the waveguide axis and Z h 11 → η 0 , θ would tend to its free space value (Equation 36), whereas, as seen from Equation 51, it tends to a smaller value 5 . A physical explanation can be given as follows. As the H 11 wave impinges on graphene, it produces a transverse current component, which is responsible for the polarization rotation. However, this current does not perfectly match the transverse pattern of the mode and therefore only partially contributes to the transmitted field amplitude, thus providing a smaller rotation angle than in free space. This mismatch is also responsible for the excitation of the higher order modes in the waveguide environment. 
Spatial isolator
As a second application of the gyrotropic properties of graphene, we propose the spatial isolator of Fig. 16 (Sounas & Caloz, 2011c) . It consists of a magnetically biased graphene sheet in the middle of two wire grids, which are rotated by an angle of 45 • with respect to each other. The structure allows propagation of a y-polarized wave from medium 1 towards medium 2, while it blocks any wave propagating from medium 2 towards medium 1.
The operation principle of the structure is the same as of the ferrite-based non-reciprocal spatial isolator presented in (Parsa et al., 2010) . A y-polarized wave propagating along the −z direction passes through the wire grid at z = d 1 , it is then rotated by 45 • in the LH direction with respect to the z-axis due to graphene and it eventually passes through the wire grid at z = d 2 . On the other hand, a wave propagating along the +z direction is directly blocked by the grid at z = d 2 if it is polarized parallel to the wires of this grid. If it is perpendicularly polarized to the wires of this grid, it passes through this grid, it is then rotated by 45 • in the LH direction as it passes through graphene and it is eventually blocked by the grid at z = d 1 .
The structure can be analyzed by using the transmission line model of Fig. 17 . In this model graphene and the wire grids are represented by shunt dyadic admittances and the space between graphene and the grids by transmission line sections with wave impedance η 0 and propagation number k 0 . The shunt admittance which models the graphene sheet is simply the tensorial conductivity of graphene (Equation 13 ). The shunt admittance which models the grid at z = d 1 isȲ
where and
are the parallel and the perpendicular to the wires admittances of the grid, respectively (Tretyakov, 2003) . In Equation 54 w is the wire width and d is the periodicity of the grid. The shunt admittance of the grid at z = d 2 is
wheret =(x +ŷ)/ √ 2 is the unit vector parallel to the wires. The ABCD matrix of the structure, through which the transmission coefficients will be computed, is
The S-matrix is then
and the isolation may be subsequently computed as I = 20 log 10 S 21 ·ŷ − 20 log 10 S 12 ·x +ŷ √ 2 .
(58) Fig. 18 presents isolation in dB (color plot), the transmission loss from medium 1 to medium 2 in dB (continuous lines contour plot) and the rotation angle of graphene in free space (dashed lines contour plot) versus μ c and B 0 for τ = 1.84 × 10 −13 s. The results are derived for d 1 = d 1 = λ/4, which has been found to be the condition of the highest isolation. As an example of how to read Fig. 18 , the point indicated by the circle corresponds to B 0 = 0.61 T, μ c = 0.11 eV, I = 20 dB, a 3 dB transmission loss from medium 1 towards medium 2 and 9 • of rotation angle for graphene in free space. One observes that the isolation can be so high as 20 dB even when the rotation angle of graphene in free space is so low as 10 • .T h i s contrasts with the ferrite-based isolator, where a 45 • rotation angle is always required. This surprising behavior is attributed to the semi-transparent nature of graphene which forces the wave to follow a complex path between the grids, passing several times through graphene.
The condition for which this complex path leads to constructive interference for propagation along the +z direction and destructive interference for propagation along the −z direction is d 1 = d 2 = λ/4. The main reason for the relatively high loss (3 dB) for transmission along the +z direction is the graphene loss, which is increased by the large effective wave path in the space between the grids. This loss can be reduced by using graphene with higher mobility (lower scattering) and properly adjusting the structure parameters.
One of the most significant advantages of the proposed isolator is the control of the isolation direction via the chemical potential, exploiting the ambipolar properties of graphene. In particular, by inverting the chemical potential, the direction of Faraday rotation provided by graphene also inverts, which in turn inverts the isolation direction. Remember that the chemical potential can be easily controlled via an electrostatic voltage applied between graphene and an electrode parallel to graphene (Fig. 2) . In such a way it could be possible to fabricate a non-reciprocal antenna radome, which dynamically converts an antenna from transmitting to receiving and vice versa through a proper control signal.
Enabling of graphene gyrotropy with metamaterials
As already pointed out, the structures presented in Section 5 are essentially "proofs of concept" and do not follow an optimal design. For example, a practical circular waveguide Fig. 18 . Color plot: isolation in dB achieved by the proposed graphene-based non-reciprocal spatial isolator versus μ c and B 0 for τ = 1.84 × 10 −13 s. Solid lines contour plot: power transmission coefficient in dB for the wave allowed to pass through the isolator. Dashed lines contour plot: polarization rotation angle of the graphene sheet in free space.
Faraday rotator, which is a necessary component in a waveguide isolator or a gyrator, requires a rotation angle of at least 90 • . Although the rotation angle provided by a single graphene sheet is huge considering its one-atom thickness, it is quite far from the value required in a waveguide isolator. In order to achieve a rotation angle so high as 90 • it is necessary to stack several graphene sheets. The material and the spacing between the sheets as well as the rotation angle provided by each sheet must be carefully chosen so that the transmission through such a structure be maximum. In such a way, a microscale metamaterial, similar to this illustrated in Fig. 19(a) , can be conceived. Such a metamaterial provides a gradual rotation of the wave polarization, thus mimicking a ferrite medium with, however, a much larger Fig. 19 . Graphene-based multiscale metamaterials, which exhibit a ferrite-type response, however, with a higher rotation power than ferrites. (a) Micro-scale metamaterial consisting of a period stack of graphene sheets and dielectric layers. (b) Multiscale metamaterial consisting of a periodic stack of graphene sheets, ferromagnetic nanowires (FMNW) membranes and dielectric layers. FMNW metamaterial membranes are used for biasing graphene.
Verdet constant (rotation per unit thickness and unit magnetic field). Such an artificial material could be also used in the spatial isolator to reduce significantly its size. In a next nanoscale level, ferromagnetic nanowires membranes (Carignan et al., 2011) , which are transparent to normally incident waves, could be introduced between the successive graphene layers, as illustrated in Fig. 19(b) to provide the necessary static magnetic field, making the material self-biased. Finally, boron nitride (BN) could be selected as the separating dielectric between the graphene sheets, since as it has been recently shown, graphene sandwiched between BN layers exhibits extremely high mobility, sometimes approaching that of suspended graphene (Mayorov et al., 2011) . It is therefore clear that by exploiting metamaterials concept in the micro, nano and atomic scale simultaneously (Caloz et al., n.d.) , novel material with unprecedented properties can be created.
Conclusions
The gyrotropic properties of magnetically biased graphene have been analyzed. Graphene exhibits strong non-reciprocity and extremely broadband Faraday rotation at microwave frequencies, below the cyclotron resonance. Two degrees of freedom may be used to control the amount and the direction of rotation, namely the chemical potential (via an applied static voltage) and the static magnetic field. This allows full tuning of Faraday rotation via the chemical potential, while keeping the magnetic field constant, which is usually provided by permanent magnets and is thus difficult to control. Two applications of graphene gyrotropy have been proposed: a circular waveguide Faraday rotator and a spatial isolator. A practical realization of such devices with unprecedented characteristics, such as super compactness, is possible through the multi-scale (micro, nano and atomic scales) metamaterial concept.
